We investigate roles of electron correlation effects in the determination of the gj factors of the 4s 2 S 1/2 , 4p 2 P 1/2 , 4p 2 P 3/2 , 3d 2 D 3/2 , and 3d 2 D 5/2 states, representing to different parities and angular momenta, of the Ca + ion. Correlation contributions are highlighted with respect to the mean-field values evaluated using the Dirac-Hartree-Fock method, relativistic second order manybody theory, and relativistic coupled-cluster (RCC) theory with the singles and doubles approximation considering only the linear terms and also accounting for all the non-linear terms. This shows that it is difficult to achieve reasonably accurate results employing an approximated perturbative approach. We also find that contributions through the non-linear terms and higher-level excitations such as triple excitations, estimated perturbatively in the RCC method, are found to be crucial to attain precise values of the gj factors in the considered states of Ca + ion.
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I. INTRODUCTION
Spectroscopic studies of the singly ionized calcium (Ca + ) ion is of immense interest to both the experimentalists and theoreticians on many scientific applications. Particularly, this ion is under consideration for a number of high precision experimental studies such as in the atomic clock [1, 2] , quantum computation [3] [4] [5] , testing Lorentz symmetry violation [6] , etc. A number of theoretical investigations have also been carried out in the determination of different physical quantities by employing varieties of many-body methods [7] [8] [9] [10] [11] [12] [13] [14] , which demonstrate successfully achieving most of these properties meticulously compared to the experimental results.
On the otherhand, there have been attempts to determine Lande g j factors in the atomic systems to ultra-high accuracy [7, [15] [16] [17] . The main motivation of these studies was to test validity of both the theories and measurements. Mostly, atomic systems with few electrons are being considered in these investigations aiming to find out role of higher order quantum electro-dynamics (QED) effects [17] . In these systems, both the QED and electron correlation effects contribute at par to match the theoretical calculations with the experimental results. Comparatively, only few attempts have been made to reproduce the experimental values of the g j factors to very high precision in the many-electron systems [7, 15] . In the neutral or singly ionized heavy atomic systems, the * Email: bijaya@prl.res.in electron correlation effects play the dominant roles for estimating the g j factors of the atomic states accurately. However, none of the previous studies have demonstrated the roles of electron correlation effects explicitly arising through various physical effects in the determination of the total values of the g j factors of the heavy atomic systems. Lindroth and Ynnerman had carried out such a rigorous investigation on the role of electron correlation effects to the corrections over Dirac value of the g j factors of the ground states in the Li, Be + and Ba + atomic systems, which have a valence electron in the s orbital. They had employed a relativistic coupled-cluster (RCC) method and incorporated Breit interaction in their calculations and found that higher order correlation effects and Breit interaction play significant roles in achieving precise results. However, they had observed that lower order contributions are still dominant in the evaluation of the corrections over Dirac value of the g j factors. Especially, they had observed that correlations due to all order core-polarization effects, arising through random-phase approximation (RPA) type of diagrams, in these calculations are crucial. A number of calculations have reported very accurate values of this quantity using multiconfiguration Dirac-Fock (MCDF) method highlighting the importance of including the higher excited configuration state functions (CSFs) for their determinations [7, 18] . Shortcoming of this method is that it cannot explain roles of different electron correlation effects explicitly except giving a qualitative idea on their importance for incorporating to achieve precise results. Other points to be noted is that the MCDF method is a special case of the configuration interaction (CI) method. It is known that a truncated CI method have size consistent and size extensivity problems [19, 20] . Moreover in practice, only the important contributing CSFs are being selected in this approach till the final results are achieved within the intended accuracies. In contrast, the truncated manybody methods formulated in the RCC theory framework are more capable of capturing the electron correlation effects rigorously than other existing atomic many-body methods and are also free from the size extensivity and size consistent problems owing to exponential ansatz of the wave functions [19, 20] . This is why RCC methods are generally termed as the golden tools for investigating roles of electron correlation effects in the spectroscopic studies. A number of properties in Ca + have been calculated employing the RCC methods in the singles and doubles approximation (CCSD method) [9-12, 21, 22] . From these studies, the CCSD method and its equivalent level of approximated RCC methods are proven to be capable of giving very accurate results in the atomic systems having similar configurations with Ca + . Thus, it would be interesting to learn how differently electron effects behave in the evaluation of the total values of the g j factors of the ground state as well as of the excited states belonging to both the parities and higher orbital angular momenta of an alkali-like atomic system like Ca + . The present work is intended to demonstrate this by carrying out calculations of the g j factors of the 4s
, and 3d 2 D 5/2 states in the Ca + ion.
II. THEORY
The interaction Hamiltonian of an atomic electron when subjected to an external homogeneous magnetic field B is given by [23] 
where e is the electric charge of the electron, c is the speed of light, α is the Dirac operator, and A is the vector field seen by the electron located at r due to the applied magnetic field. This interaction Hamiltonian can be expressed in terms of a scalar product as
with C (1) is the Racah coefficient of rank one. Defining the above expression as H mag = M · B with magnetic moment operator M = i,q=−1,0,1 µ
q (r i ), the Dirac value to the Lande g j factor of a bound electron in an atomic system can be given by
of a state with total angular momentum J for the Bohr magneton µ B = e /2m e with mass of electron m e . Thus, the g D j value for the state |JM can be evaluated using the projection theorem as
with the corresponding single particle reduced matrix element of µ (1) given by
where P (r) and Q(r) denote for the large and small components of the radial parts of the single particle Dirac orbitals, respectively, and κ are their relativistic angular momentum quantum numbers. It can be noted here that this expression is similar to the expression for determining the magnetic dipole hyperfine structure constant, in both the properties the angular momentum selection rule is restricted by the reduced matrix element of C (1) , which is given as
with
for the orbital momentum l κ of the corresponding orbital having the relativistic quantum number κ. The net Lande g factor of a free electron (g f ) with the QED correction on the Dirac value (g D ) can be approximately evaluated by [24] 
where α e is the fine structure constant. From this analysis, the QED correction to the bound electron g j factor can be estimated approximately by the interaction Hamiltonian as [25] ∆H
where β and Σ are the Dirac matrix and spinor, respectively. Following the above procedure, we can estimate leading order QED correction to g j by defining an op-
The corresponding reduced matrix element of the ∆µ (1) q (r i ) is given by
Hence, the total g j value of an atomic state can be evaluated as g j = g D j + ∆g Q j and can be compared with the experimental value wherever available.
III. METHODS FOR CALCULATIONS
The considered states of Ca + have a common closedcore [3p 6 ] of Ca 2+ with a valence orbital from different orbital angular momenta and parity. We have developed a number of relativistic many-body methods and have been employing them to calculate wave functions of a variety of atomic systems including in Ca + that have configurations as a closed-core and a valence orbital [9, 11, 21, 22, 26, 27] . Applications of these methods have proved that they are capable of giving rise very accurate results comparable with the experimental values. We apply some of these methods considering various levels of approximations to demonstrate how these methods are incapable of producing precise values of the g j factors in Ca + . To find the reason for the same, the role of correlation effects at the lower and higher order contributions are investigated systematically. Special efforts have been made to estimate contributions from the leading triply excited configurations in the RCC theory framework adopting perturbative approaches to reduce the computational resources. For this purpose, we briefly discuss here the considered many-body methods and present results employing these methods to justify our above assessment.
To demonstrate various relativistic contributions systematically, we first perform calculations with the DiracCoulomb (DC) interaction and suppressing contributions from the negative orbitals. In this approximation, the atomic Hamiltonian is given by
where V N (r) is the nuclear potential and determined using the Fermi-charge distribution, r ij = | r i − r j | represents inter-electronic distance between the electrons located at i and j, and Λ + operator represents a projection operator on to the positive energy orbitals. It is worth mentioning here is that the negative energy orbitals may contribute to quite significant, but it would be below the precision levels where the neglected electron correlation effects can also play dominant roles. That is the reason why we have not put efforts to account for these contributions in the present work. It is found in the previous calculation for the ground state of Ca + , the frequency independent Breit interaction contributes sizably for the evaluation of the g j factor [7] . We also estimate contributions due to this interaction by adding the corresponding interaction potential energy expression in the atomic Hamiltonian as given by
wherer ij is the unit vector along r ij . Apart from estimating ∆g Q j corrections to the g j factors due to the QED effects, it can be expected that there would be corrections to the g D j values of the bound electrons from the modifications of the wave functions due to the QED effects. To estimate these corrections, we consider the lowest order QED interactions due to the vacuum potential (VP) and self-energy (SE) effects in the calculations of the wave functions of the bound electrons. The VP potential is considered as sum of the Uehling (V U (r)) and Wichmann-Kroll (V W K (r)) potentials, while the SE potential energy is evaluated as sum of the contributions from the electric and magnetic form-factors as were originally described in Ref. [28] . The considered expressions with the Fermi charge distribution are given explicitly in our previous work [27] .
We first calculate the Dirac-Hartree-Fock (DHF) wave function of the [3p 6 ] configuration (|Φ 0 ) using the above interactions in the atomic Hamiltonian. Then, the DHF wave function of a state of Ca + is constructed as |Φ v = a † v |Φ 0 with the respective valence orbital v of the state. To show higher relativistic contributions explicitly, we perform calculations considering the DC Hamiltonian, then including the Breit interaction with the DC Hamiltonian, then with QED corrections in the DC Hamiltonian and finally, incorporating both the Breit and QED interactions simultaneously with the DC Hamiltonian. The reason for carrying out calculations considering individual relativistic corrections separately and then including them together is that we had observed in our previous study as sometimes correlations among the Breit and QED interactions alter the results than when they are incorporated independently.
To investigate importance of electron correlation effects, we include them both in the lower order and all order many-body methods. In the lower order approximations, we employ the relativistic second order many-body perturbation theory (MBPT(2) method) and third order many-body perturbation theory (MBPT(3) method). In these approximations, we express the approximated atomic wave function as in the MBPT(2) method and
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in the MBPT(3) method, where Ω 0 and Ω v are known as wave operators. Here Ω 0 and Ω v act over |Φ 0 and |Φ v , respectively, to generate various CSFs in the perturbative approach. Amplitudes of these operators are determined by using the generalized Bloch's equations [29] as
where H 0 is the DHF Hamiltonian, V es = H − H 0 is the residual potential, |Φ * 0 and |Φ * v are the excited configurations over the respective |Φ 0 and |Φ v DHF wave functions, and E
is the k th order energy of the |Ψ v state. After obtaining amplitudes of the MBPT operators, the g j factors are calculated using the expression
where O stands for the respective M and ∆M operators for the evaluations of the g In the similar framework and using the exponential ansatz of RCC theory, atomic wave functions of the considered states with the respective valence orbitals are expressed as
where T and S v are the RCC operators that excite electrons from |Φ 0 and |Φ v , respectively. We have approximated RCC theory to only the singles and doubles excitations (CCSD method). The single and double excitation processes carried out by these RCC operators are described by denoting these operators using the subscripts 1 and 2, respectively, as
The amplitudes of these operators are evaluated by solving the equations
where |Φ * 0 and |Φ * v are excited up to doubles,
represents for the linked terms only with the normal order Hamiltonian H N = H − Φ 0 |H|Φ 0 and ∆E v is the attachment energy for the state |Ψ v , which is determined by
To investigate the roles of the electron correlation effects through the non-linear terms in the RCC theory, we also perform calculations considering only linear terms in the singles and doubles approximation in this theory (which is termed as LCCSD method). In this approximation, it yields
and
After obtaining amplitudes of the RCC operators, the expectation values as in Eq. (18) are evaluated by (27) in the LCCSD method and
in the CCSD method. Clearly, the expression for the LCCSD method gives rise finite number of terms like in precision level convergence in the values from the higher non-linear terms.
As we shall see, the correlation effects coming through the CCSD terms give much larger magnitudes to the g j factors than the available experimental values for the ground [7] and 3d 2 D 5/2 [1] states of Ca + , even though this method was proven to give reasonably accurate results for a number of properties in the considered ion as stated in Introduction. To find out how the higher level excitations would circumvent this to bring back the results close to the experimental values, we define RCC operators in a perturbative framework to account for contributions from the important triply excited configurations from both |Φ 0 and |Φ v as
where {a, b, c} and {p, q, r} represent for the occupied and virtual orbitals, respectively, and ǫs are their single particle orbital energies. Contributions from the T pert 3
and S pert 3v
operators to the g j factors are estimated using Eq. (28) considering them as part of the T and S v operators. In this approach, we evaluate extra terms as T †
OS pert 3v , and their complex conjugate (c.c.) terms. These terms are computationally very expensive and give more than 500 Goldstone diagrams, but found to be crucial in achieving reasonably accurate results compared to the available experimental values. 
IV. RESULTS AND DISCUSSION
In order to gauge correctness of the wave functions obtained by employing many-body methods at different levels of approximations, we first present electron attachment energies to the considered states of Ca + in Table I (2) results. However, the CCSD method brings down these results close to the experimental values. Corrections from the Breit and QED interactions are given separately in the same table from the CCSD method. They are also estimated by including both these interactions simultaneously. In this case, we find sum of the individual corrections and simultaneous account of these corrections, quoted as Breit+QED in the above table, give almost the same contributions. In our earlier work on the Cs atom, we had found similar behavior for the attachment energies but trends were exhibiting differently in the evaluation of the transition properties [27] . Nevertheless, the higher order relativistic corrections are also removing slightly the discrepancies among the CCSD results and experimental values of the energies. It may be possible that the omitted contributions from the triple excitations improve the CCSD values further.
After understanding the role of the electron correlation effects in the evaluation of the energies, we present the calculated g j values of the 4s
2 P 1/2 and 4p 2 P 3/2 states of Ca + in Table II from a number of methods approximating at different levels. This also includes all the methods that were considered for evaluating energies along with the MBPT(3) method, which involves energies from the MBPT(2) method. To highlight how the correlation effects propagate in these methods, we present results systematically from lower to all order LCCSD and CCSD methods. We present both the g in the measured states. In case, we are able to achieve results agreeing with the experimental values for some states then it may be possible to predict these values for other states using the employed many-body methods where measurements are not carried out. From the analysis of behavior of the correlation effects in the determination of the attachment energies, it was obvious to us that there were large differences between the calculations obtained using the DHF method and the experimental values. When we compare the net g j values of the ground and 3d 2 D 5/2 states, after adding up the g D j and ∆g Q j values, with the experimental results [1, 7] quoted at the end of the above table, it gives an impression that the electron correlation effects may not play strong roles for attaining calculated values matching with the experimental results. So it is natural to assume that employment of a lower order method can suffice the purpose. In the experimental paper on the ground state result, the authors have also presented theoretical results by carrying out a rigorous calculation employing the MCDF method [7] . It is demonstrated there that a very large configurational space was required to attain results matching with their measured value. It was also highlighted in that work that the Breit interaction contribution was essential in achieving high precision theoretical result.
As we move on, we shall explain the reasons why we shall not be able to achieve very high precision results by employing RCC theory in the CCSD method approximation. Thus, we do not prefer to present the calculated values of the g j factors beyond the sixth decimal places here. Necessity of including higher level excitations through the RCC method to improve these results further are demonstrated by investigating contributions from the leading order triple excitation contributions involving the core and valence orbitals at the MBPT(3) method and in the perturbative approach using the RCC operators as defined in Eqs. (29) and (30). We have also quoted corrections to g D j from the Breit and QED corrections considering them separately and also considering both the interactions together. The estimated ∆g Q j corrections from the CCSD method are also listed explicitly. Signs of these corrections are not the same for all the states owing to the κ f + κ i − 1 factor in Eq. (11) . It is obvious from Table II that our CCSD results do not look very impressive when compared with the available experimental values. However the important point to be noted from this work is on the trends of the results starting from the DHF method to the CCSD method, which shows how values are vacillating from one method to another in different states.
Since the differences among the values of the g D j factors among various methods are very small, the role of electron correlation effects are not realized distinctly. To make it pronounced, we plot the (g
values considering g D j values from different methods in Fig. 1 for all the states. It highlights the trends of the electron correlation effects incorporated through these methods. As can be seen from this figure, the correlation contributions do not follow definite trends and they are quite significant in view of achieving high precision values. Also, we give contributions to the g D j values for all the considered states from the individual terms of the CCSD method including the terms including the perturbed triple excitations operators in Table III . This is to notify how some of the higher order terms in the all order perturbative method contribute larger than the lower order RCC terms. The DHF value gives here the largest contribution as it includes the Dirac g D value. It has been found in the earlier studies on hyperfine structure constants and quadrupole moments of atomic states in 43 Ca + using the RCC method [11] that after the DHF value, the dominant contributions come from the OS 1v and OS 2v terms along with their c.c. terms due to the electron correlation effects. It to be kept in mind that the OS 1v term accounts for the lowest order electron paircorrelation effects, while the OS 2v term incorporates the lowest order electron core-polarization effects in the RCC framework [31, 32] . The other terms encompass higher order correlation effects due to non-linear in RCC operators. Hence, it is generally anticipated that contributions from these non-linear terms are relatively smaller compared to the above two terms. However, we find in this case that many of the non-linear terms are giving much larger contributions, almost by an order, than the lower order RCC terms. Significantly contributing correlation effects are quoted in bold in the above table. Those non-linear terms from the CCSD method, which are not listed in the above table, their total contributions are given as "Extra". It is obvious from the above table that these contributions are quite large, especially in the 3d 2 D 5/2 state which has been underlined. This suggests the core correlation contributions appearing through the T operators in the non-linear terms play active roles in the evaluation of the g D j values. Thus, it testifies that consideration of a perturbative method would completely fail to estimate the g j factors accurately in an atomic system. We had also seen in Table  II that terms quoted in Table III suggest that the correlation contributions do not manifest this trend. Analyzing in terms of level of excitations associated with all these operators, as defined in Ref. [19] , it can be understood that the Goldstone diagrams involving the particleparticle and hole-hole excitations through the M operator are the important physical processes and the holeparticle and particle-hole excitations do not play much role in determining the g D j values. Again, we have observed that similar types of Goldstone diagrams attribute completely different trends of correlation effects at the lowest order and all order methods. To demonstrate it more prominently, we find out the leading order contributing diagrams from the T † 2 OT pert 3 and S † 2v OS pert 3v RCC terms and compare contributions from these diagrams with their counter lowest order Goldstone diagrams appearing through the MBPT(3) method. We have shown some of these diagrams in Fig.  2 and quote their contributions in Table IV from the MBPT(3) and RCC methods. As can be seen from this table, there are huge differences in some of the results obtained at the MBPT(3) method and at the level of RCC calculations. We have also quoted some contributions in bold to bring to the attention on the unusually large contributions at the lower and all order level calculations. Again, it is obvious from this table that some diagrams contribute predominantly to the lower angular momentum states while other diagrams contribute significantly in higher angular momentum states. Some changes in the correlation trends are also observed among the states belonging to different parities.
Nonetheless, unusually large contributions arising through the perturbed triple excitation RCC operators implies that RCC theory in the CCSD method approximation is not capable of producing precise values of the g j factors in Ca + . Also, larger contributions arising through some of the non-linear terms than the linear terms in the CCSD method suggests that consideration of full triple excitations may be imperative to achieve g j factors below the 10 −6 precision level. Moreover, either estimating the g D j − g D value as in Ref. [15] or developments of alternative RCC theories, such as bi-orthogonal RCC theory [19] , avoiding appearance of non-truncative series as in Eq. (28) to determine the g j factor of a state in this ion would be inevitable.
V. CONCLUSION
We have employed a number of relativistic many-body methods to investigate roles of the electron correlation effects in the determination of the g j factors of the first five low-lying atomic states in the singly charged calcium ion. To validate these methods, we first present the electron attachment energies by employing these methods and compare them against the experimental values listed in the National Institute of Science and Technology database. This demonstrates gradual improvement of accuracies in the results from lower many-body methods to all order relativistic coupled-cluster method with the Fig. 2(v singles and doubles approximation. However, when these methods are employed for the determination of the g j factors of the considered atomic states, the trends of the correlation effects were found to be very peculiar in nature. In fact, the results obtained employing the mean-field theory in the Dirac-Hartree-Fock approach are found to be in better agreement with the experimental values than the lower-order many-body perturbation theories and relativistic coupled-cluster theory with linear terms approximation. We also found that triple excitation contributions are the decisive factors in achieving very precise values for the g j factors and their contributions through the lower order and all order correlation effects behave completely different. Nonetheless, the overall observation from this study is that it is very challenging to attain high accuracy g j factors in many-electron systems by employing a truncated many-body method as the contributions from the electron correlation effects do not converge with the higher order approximations. Thus, it is reliable to determine the g j − g D value instead of the net g j value of an atomic state. Also, it is imperative to develop more powerful relativistic many-body methods circumventing the problem of appearing non-truncative series so that trends of the correlation effects can be systematically investigated and calculations can be improved gradually in the determination of the g j factors in a many-electron atomic system. Since unique correlation effects are associated with the determination of g j factors, it suggests us that capable of a relativistic many-body method can be indeed scrutinized by producing high precision values for these factors in heavy atomic systems. This test would be of immense interest in a number of applications such as investigating parity non-conservation and frequency standard studies in atomic systems more reliably.
